Abstract. We investigate essential dimension of finite groups over arbitrary fields and give a systematic treatment of multihomogenization, introduced in [KLS08]. We generalize the central extension theorem of Buhler and Reichstein, [BR97, Theorem 5.3] and use multihomogenization to substitute and generalize the stack-involved part of the theorem of Karpenko and Merkurjev [KM08] about the essential dimension of p-groups. One part of this paper is devoted to the study of completely reducible faithful representations. Amongst results concerning faithful representations of minimal dimension there is a computation of the minimal number of irreducible components needed for a faithful representation.
Introduction
Throughout this paper we work over an arbitrary base field k. Sometimes we extend scalars to a larger base field, which will be denoted by K. All vector spaces and representations in consideration are finite dimensional over the base field. A quasi-projective variety defined over the base field will be abbreviated as a variety. Unless stated otherwise we will always assume varieties to be irreducible. We denote by G a finite group. A G-variety is then a variety with a regular algebraic G-action G × X → X, x → gx on it.
The essential dimension of G was introduced by Buhler and Reichstein [BR97] in terms of compressions: A compression of a (faithful) G-variety Y is a dominant G-equivariant rational map ϕ : Y X, where X is a faithful G-variety.
Definition 1. The essential dimension of G is the minimal dimension of a compression ϕ : A(V ) X of a faithful representation V of G.
The notion of essential dimension is related to Galois algebras, torsors, generic polynomials, cohomological invariants and other topics, see [BR97] . There is a general definition of the essential dimension of a functor from the category of field extensions of k to the category of sets, which is due to Merkurjev, see [BF03] . The essential dimension of G corresponds to the essential dimension of the Galois cohomology functor K → H 1 (K, G). We shall use this only in section 9. We take the point of view from [KS07] , where the covariant dimension of G was introduced: A covariant of G (over k) is a G-equivariant (k-)rational map ϕ : A(V )
A(W ), where V and W are (linear) representations of G (over k). The covariant ϕ is called faithful if the image of the generic point of A(V ) has trivial stabilizer. Equivalently there exists ak-rational point in the image of ϕ with trivial stabilizer. We denote by dim ϕ the dimension of the closure of the image of ϕ.
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Definition 2. The essential dimension of G, denoted by edim k G, is the minimum of dim ϕ where ϕ runs over all faithful covariants over k.
The covariant dimension of G, denoted by covdim k G, is the minimum of dim ϕ where ϕ runs only over the regular faithful covariants over k.
The second definition of essential dimension is in fact equivalent to the first definition, which follows e.g. from [Fl08, Proposition 2.5] or from (the first part of) the following lemma: Lemma 1. Let W be a faithful representation of G. Then for every affine unirational faithful G-variety X there exists a faithful regular G-equivariant map ψ : X → A(W ). If X contains a k-rational point x 0 ∈ X(k) with trivial stabilizer and w 0 ∈ W has trivial stabilizer as well, then ψ can be chosen such that ψ(x 0 ) = w 0 :
Proof. Choose f ∈ k[X] such that f (x 0 ) = 1 and f (gx 0 ) = 0 for g = e, and define a regular G-equivariant map ψ : X → A(W ) by
The map ψ is faithful since w 0 is in the image of ψ. This shows the second part of the lemma. If k is infinite this immediately implies the first part since in that case the k-rational points in X and A(W ) are dense. Now let k be a finite field and let t be transcendental over k. Since k(t) is infinite we obtain a faithful regular k(t)-rational G-equivariant map X k(t) → A(W ⊗ k(t)) where X k(t) = X × Spec k Spec k(t) is X with scalars extended to k(t). This corresponds to a homomorphism W * ⊗ k(t) → k[X] ⊗ k(t) of representations of G with faithful image, where W * is the dual of W and k[X] is the affine coordinate ring of X. Actually we may replace k[X] ⊗ k(t) by U ⊗ k(t) for some finite-dimensional sub-representation U ⊂ k [X] . By the following Lemma 2 there exists a homomorphism W * → k[X] with faithful image, hence a faithful regular G-equivariant map ψ : X → A(W ).
Lemma 2. Let W and V be (finite-dimensional) representations of G over k. Then:
• If V ⊗ k(t) is a quotient of W ⊗ k(t) then W is a quotient of V .
• If W ⊗ k(t) injects into V ⊗ k(t) then W injects into V .
• If W ⊗ k(t) → V ⊗ k(t) is a homomorphism with faithful image, then there exists a homomorphism W → V with faithful image as well.
Proof. To show the first claim let π : W ⊗ k(t) ։ V ⊗ k(t) denote the quotient map. Since t is transcendental over k the kernel of π can be lifted to a representation U of G over k, i.e. ker π ≃ U ⊗ k(t). Hence
By the theorem of Noether-Deuring this implies W/U ≃ V , showing the claim. The second claim follows from the first claim and dualization. The third claim follows from the first two applied to V ⊗ k(t) ։ X ⊗ k(t) and X ⊗ k(t) ֒→ V ⊗ k(t) where X is a lift of the image of W ⊗ k(t) → V ⊗ k(t) to a (faithful) representation of G over k.
We call a faithful regular (resp. rational) covariant minimal if dim ϕ = covdim k G (resp. dim ϕ = edim k G). For any faithful representations V and W of G there exists a minimal faithful regular (resp. rational) covariant ϕ : A(V ) A(W ). This is basically another consequence of Lemma 1. At least it shows immediately that the choice of W is arbitrary and if k is infinite one can use k-rational points with trivial stabilizer as in [KS07, Proposition 2.1] to show that V can be arbitrarily chosen. For arbitrary fields use e.g. [BF03, Corollary 3.16 ] to see independence of the choice of V .
In sections 2 and 3 we develop the technique of multihomogenization of covariants and derive some of its basic properties. Given G-stable gradings V = hold true. Here s is an indeterminate and the m ij are integers, forming some matrix M ϕ ∈ M m×n (Z). Thus multihomogeneous covariants generalize homogeneous covariants. A whole matrix of integers takes the role of a single integer, the degree of a homogeneous covariant. It will be shown that the degree matrix M ϕ and especially its rank have a deeper meaning with regards to the essential dimension of G. Theorem 12 states that if each V i and W j is irreducible then the rank of the matrix M is bounded from bellow by the rank of a certain central subgroup Z(G, k) (the k-center, see Definition 5). Moreover if the rank of M ϕ exceeds the rank of Z(G, k) by ∆ ∈ N then edim k G ≤ dim ϕ − ∆. This observation shall be useful in proving (partly new) lower bounds to edim k G and for most applications in the sequel.
In section 4 we study faithful representations of G, especially faithful representations of small dimension. It is the representation theoretic counterpart to the results on essential dimension obtained in later sections.
Section 5 relates essential dimension and covariant dimension. It is well known that the two differ at most by 1, see the proof of [Re04] , which works for arbitrary fields. By generalizing [KLS08, Theorem 3.1] (where k is algebraically closed of characteristic 0) to arbitrary fields we obtain the precise relation of covariant and essential dimension in case that G has a completely reducible faithful representation. Namely Theorem 34 says that covdim k G = edim k G if and only if G (is trivial or) has a nontrivial k-center, otherwise covdim k G = edim k G + 1.
A generalization of a result from [BR97] is obtained in section 6 where the following situation is investigated: G is a (finite) group and H a central cyclic subgroup which intersects the commutator subgroup of G trivially. Buhler and Reichstein deduced the relation
(over a field k of characteristic 0) for the case that H is a maximal cyclic subgroup of the k-center Z(G, k) and has prime order p and that there exists a character of G which is faithful on H, see [BR97, Theorem 5.3]. The above theorem was generalized to arbitrary fields in [Ka06, Theorem 4.5], where for the case of p = char k > 0 the additional assumption is made that G contains no non-trivial normal p-subgroup. Some other partial results were obtained by Brosnan, Reichstein and Vistoli in [BRV07] and [BRV08] and by Kraft and Schwarz and the author in [KLS08] . In this paper we give a complete generalization which reads like
where we only assume that G has no non-trivial normal p-subgroups if char k = p > 0 and that k contains a primitive root of unity of high enough order. For details see Theorem 35.
Section 7 contains two additional results about subgroups and direct products, both obtained easily with the use of multihomogeneous covariants.
In section 8 we shall use multihomogeneous covariants to generalize Florence's twisting construction from [Fl08] . The generalized technique gives a substitution for the use of algebraic stacks in the proof of the theorem of Karpenko and Merkurjev about the essential dimension of p-groups, which says that the essential dimension of a p-group G equals the least dimension of a faithful representation of G, provided that the base field contains a primitive p-th root of unity. Actually the twisting construction gives more than that. It yields a conjectural formula for the essential dimension of any group G whose socle is central (i.e. such that every nontrivial normal subgroup of G intersects the center of G nontrivially) and whose degrees of irreducible representations satisfy some divisibility property. See Corollary of Conjecture 48 for details.
In section 9 we consider the situation when multihomogenization fails. This is the case when G does not admit a faithful completely reducible representation. That can only happen if char k = p > 0 and G contains a nontrivial normal elementary abelian p-subgroup A. Proposition 49 relates the essential dimension of G and
The technique of multihomogenization
2.1. Multihomogeneous maps and multihomogenization. Most of this section can already been found in [KLS08] , where multihomogenization has originally been introduced for regular covariants (over C). We give a more direct and general approach here.
Denote by X = Hom(·, G m ) the contravariant functor from the category of commutative algebraic groups (over k) to the category of abelian groups, which takes a commutative algebraic group Γ to
In terms of the matrix M D =: (m ij ) 1≤i≤m,1≤j≤n the homomorphism D is then given by
The above isomorphisms are compatible with composition of homomorphisms D ∈ Hom(T, T ′ ), D ′ ∈ Hom(T ′ , T ′′ ) on the left side and multiplication of matrices M ∈ M m×n (Z), M ′ ∈ M n,r (Z) on the right side, where T ′′ is another split torus and r = rk
We call V a graded vector space and associate to V the torus T V ⊆ GL(V ) consisting of those linear automorphisms which are a (non-zero) multiple of the identity on each
Let W = n j=1 W j be another graded vector space and
commutes. The map ϕ is called multihomogeneous if it is D-multihomogeneous for some D ∈ Hom(T V , T W ). In terms of the matrix M D =: (m ij ) 1≤i≤m,1≤j≤n this means:
for all i and j, as announced in the introduction.
is multihomogeneous with degree matrix equal to M D = (r ij + δ ij ) 1≤i,j≤m .
Let ϕ : A(V )
A(W ) be a multihomogeneous rational map. If the projections ϕ j of ϕ to A(W j ) are non-zero for all j, then the homomorphism D ∈ Hom(T V , T W ) is uniquely determined by condition (1). We shall write D ϕ , X ϕ and M ϕ for D, X(D) and M D , respectively. If ϕ j = 0 for some j then the matrix entries m ij of M ϕ can be chosen arbitrary. Fixing the choice m ij = 0 for such j makes M ϕ with the property (2) and the corresponding D ϕ with the property (1) unique again. This convention that we shall use in the sequel has the advantage that adding or removing of some zero-components of the map ϕ does not change the rank of the matrix M ϕ .
Given an arbitrary rational map ϕ : A(V ) A(W ) we will produce a multihomogeneous map H λ (ϕ) : A(V ) A(W ) which depends only on ϕ and the choice of a suitable one-parameter subgroup λ ∈ Hom(G m , T V ). In section 3 this procedure will be applied to covariants for a group G.
is the exponent in which the coordinate s appears in a primary decomposition of f . Let O s ⊂ k(V × k) denote the valuation ring corresponding to ν. Every f ∈ O s can be written as f = Let λ ∈ Hom(G m , T V ) be a one-parameter subgroup of T V . Consider
as a rational map on A(V ) × A 1 . For j = 1 . . . m let α j be the smallest integer d such that all coordinates functions in s dφ j are elements of O s . Actually that works only ifφ j = 0. Otherwise we choose α j = 0. Let λ ′ ∈ Hom(G m , T W ) be the one-parameter subgroup corresponding to α, i.e.
A(W ) we can take its limit:
The limit H λ (ϕ) = (H λ (ϕ) 1 , . . . , H λ (ϕ) n ) depends only on ϕ and the choice of λ. By construction we have for j = 1 . . . n: (H λ (ϕ)) j = 0 if and only if ϕ j = 0. It is quite immediate that H λ (ϕ) is equivariant with respect to the homomor-
. However, to get equivariance for the full tori T V and T W we have to choose the one-parameter subgroup λ carefully. In any case we have the following
Proof. Choose a basis in each W j and take their union for a basis of W . Let d = dim W and write ϕ = (f 1 , . . . , f d ) with respect to the chosen basis, where
for some γ j ∈ Z. Choose a maximal subset S = {j 1 , . . . , j l } of {1, . . . , d} with the property that limf j1 , . . . , limf j l are algebraically independent. It suffices to show that f j1 , . . . , f j l are then algebraically independent, too. Without loss of generality
Since the algebraic independence implies limf j = 0 for j = 1 . . . l we have ν(f j ) = 0. Set γ = (γ 1 , . . . , γ l ) and write p in the form
where h ∈ O s . Taking the limit shows p d limf 1 , . . . , limf l = 0, which concludes the proof. Now the goal is to find a one-parameter subgroup λ ∈ Hom(G m , T V ) such that H λ (ϕ) becomes multihomogeneous. We can assume that ϕ j = 0 for all j. Write ϕ in the form ϕ = 
where
Thus ψ 1 , . . . , ψ n can be written as a sum ψ j = χ ψ χ j where only finitely many ψ
χ with the same properties. Let
, which is a finite subset of X(T V ).
Lemma 4. If T is a split torus and S ⊂ X(T ) is a finite subset then there exists a one-parameter subgroup λ ∈ Hom(G m , T ) such that the restriction of the map
Proof. The claim can easily be shown via induction on the rank r = rk T of the torus. Identifying
We shall write χ, λ for the image of χ • λ in Z, i.e. χ • λ(s) = s χ,λ for s ∈ G m . Now let λ be as in Lemma 4 where T = T V and S = S(ψ, f ). Set ψ 0 = f . Then there are unique characters χ 0 , χ 1 , . . . , χ n such that χ j • λ is minimal (considered as integer) amongst all χ • λ for which ψ χ j = 0, for each j = 0 . . . n. Then the rational map
2.2. Existence of minimal multihomogeneous covariants. We now go over to the case where the graded vector spaces V = m i=1 V i and W = n j=1 W j are furnished with a representation of G. We assume that the tori T V and T W commute with the action of G on V and W , respectively. Equivalently, the subspaces V i and W j are G-invariant. We will then represent a covariant ϕ :
is again a covariant, since the weight spaces Mor(V, W j ) χ and Mor(V, k) χ are Gstable, so for j = 1 . . . n the maps ψ Thus if we have a minimal faithful covariant ϕ : A(V )
A(W ) and W = n j=1 W j is a decomposition into irreducible sub-representations, we can always replace it by the multihomogeneous covariant H λ (ϕ) without loosing faithfulness or minimality.
Note that a completely reducible faithful representation W does not exist for every choice of G and k. For example if k =k and the center of G has an element g of prime-order p, then g acts as a primitive p-th root of unity on some of the irreducible components of W . That is only possible if char k = p. We use the following:
Definition 3. G is called semi-faithful (over k) if it admits a completely reducible faithful representation (over k).
A criterion for a group to admit a completely reducible faithful representation with any fixed number of irreducible components was given by Shoda [Sh30] (in the ordinary case) and Nakayama [Na47] (in the modular case). In particular Nakayama obtained [Na47, Theorem 1] that G is semi-faithful over a field of char k = p > 0 if and only if it has no nontrivial normal p-subgroups. One direction follows from Clifford's theorem which says that the restriction of a completely reducible representation to a normal subgroup is again completely reducible and the fact that the only irreducible representation of a p-group in characteristic p is the trivial one. For the other implication see Lemma 19. Therefore we get the following Corollary 6. If either char k = 0, or char k = p > 0 and G has no nontrivial normal p-subgroup, there exists a multihomogeneous minimal faithful covariant for G.
Multihomogeneous invariants. Let
Let G be semi-faithful and V a faithful completely reducible representation. The non-zero multihomogeneous invariants form a group under multiplication, denoted by M G (V ). It is a system of generators for the field k(V ) G of invariants.
formed by the degrees of multihomogeneous invariants, i.e. the image of the group homomorphism deg :
Equivalently it is the image of the group homomorphism
is any finite subset whose degrees generate DM G (V ).
Definition 5. The central subgroup
The k-center of G is the largest central subgroup Z for which k contains a primitive root of unity of order exp Z. The groups Z(G, k) and
The elements of Z(G, k) are precisely the elements of G which act as scalars on every irreducible representation of G over k:
Proof. Since both sides are abelian groups it suffices to prove equality for their Sylow-subgroups. Let p be a prime (p = char k) and g ∈ Z(G) be an element of order p l for some l ∈ N 0 . We must show that the following conditions are equivalent:
(A) g acts as a scalar on every V i (B) ζ p l ∈ k. Since V is faithful the order of g equals the order of ρ(g) ∈ GL(V ), hence the first condition implies the second one. Conversely let ρ ′′ : G → GL(V 0 ) be any irreducible representation of G. Then the minimal polynomial of ρ ′′ (g) has a root in k since it
which factors over k assuming the second condition. Hence ρ ′′ (g) is a multiple of the identity on V ′ . In particular this holds for G → GL(V i ), proving the claim.
Degree module and the k-center of G are related as follows:
Proof. Choose a finite subset S ⊆ M G (V ) such that the degrees of S generate DM G (V ). We may replace the homomorphism deg :
, since they both have image DM G (V ). Now the claim becomes equivalent to exactness of the sequence
Exactness at Z(G, k) follows directly from faithfulness of V . Denote by Q the kernel of the last map, which is the intersection of the kernels of the maps
On the other hand letG be the subgroup of GL(V ) generated by ρ V (G) and
A(W ) be a faithful multihomogeneous covariant and let f 1 , . . . , f n ∈ M G (V ) be multihomogeneous invariants.
A(W ) is again a faithful covariant. That induces an action of the group M G (V ) n on the space mCov(V, W ) of multihomogeneous covariants A(V ) A(W ), which respects faithfulness. Furthermore we get an action
) of all degrees associated to multihomogeneous invariants. We will identify the group M G (V ) n with the group Hom(X(
for the standard basis of X(T W ) formed by the characters χ j :
Then the action on degrees is given by
From Proposition 8 we get
Corollary 9. The group Hom(X(T W ), M G (V )) acts transitively on the set S of all degree matrices associated to multihomogeneous covariants.
By Proposition 8 this is equivalent to saying that X(D) ∈ Hom(X(T W ), DM G (V )). Therefore X(D) comes from some homomorphism γ ∈ Hom(X(T W ), M G (V )). By construction γs ′ = s, finishing the proof.
Let ϕ : A(V ) A(W ) be a faithful multihomogeneous covariant. Let N ϕ ∈ N be the greatest common divisor of the entries of the elements of im
is well defined and its image has a complement in X(T V ). We distinct between two types of elements of Hom(X(T W ), M G (V )) relative to ϕ:
there exists a commutative diagram of the form
Proof. Uniqueness follows from the fact that the composition
is trivial. It remains to find a decomposition for γ. Choose decompositions X(
Clearly β is of type II relative to ϕ and αβ = γ.
Note that the homomorphism N
This shows that α is of type I relative to ϕ, finishing the proof.
In the sequel the following Lemma will be useful:
Proof. Let γ be of type I relative to ϕ. Hence there exists ε :
where f j is the image of the j-th standard basis vector under γ in M G (V ), and similiarly for ε. Now let v ∈ Vk such that ev ε and ϕ are defined in v. Choose t ∈ T V (k) such that t Nϕ = ev ε (v). Then one checks easily that ev γ (v) = D ϕ (t), whence
This proves the first claim.
The second claim follows from the first, since the image of ker
3. Properties of multihomogeneous covariants 3.1. The rank of the degree-matrix of a multihomogeneous covariant. Let G be semi-faithful and
A(W ) we will prove the following interpretation of the rank of the degree-matrix M ϕ :
A(W ) be a faithful multihomogeneous covariant. Assume that W 1 , . . . , W n are irreducible.
with equality if ϕ is minimal.
Proof. Let Z := Z(G, k). We first prove the second inequality. Since ϕ is at the same time equivariant with respect to the tori-and
Thus the map D ϕ is the identity restricted to Z. This implies
The first inequality follows from the following:
By the elementary divisor theorem there exist integers c 1 , . . . , c r > 1 and a basis
A(W j ) and π : A(W ) P the obvious G-equivariant rational map and let X := im ϕ. Then the kernel Q of the action of G on π(X) equals Z(G, k).
Proof. The elements of the k-center Z(G, k) act as scalar on A(W j ) for each j. This implies that Z(G, k) is contained in Q. Conversely let g ∈ Q and fix some j ∈ {1, . . . , n} with ϕ j = 0. We want to show that g acts by multiplication of a (fixed) scalar on W j . From this the inclusion Q ⊆ Z(G, k) follows, since j:ϕj =0 W j is already a faithful completely reducible representation of G.
. Since g acts trivially on π(X) there exists for every field extension k ′ /k and y ∈ Y (k ′ ) some λ y ∈ G m (k ′ ) such that gy = λ y y. Since g has only finitely many eigenvalues α 1 , . . . , α r ∈ G m (k) the same holds for its closure Y . Moreover since Y is irreducible the scalar λ := λ y does not depend on y.
It follows that g acts by multiplication of λ on W j ⊗ k(V ), hence in the same manner on W j , which completes the proof.
To illustrate the usefulness of the existence of minimal faithful multihomogeneous covariants and Lemma 14 we give a simple corollary. Its first part was already established in [BR97, Theorem 6.1].
Corollary 15. Let A be abelian and assume that k contains a primitive root of unity of order exp A. Then
Proof. The inequality edim k A ≤ rk A is easy to see, because A has a faithful representation of dimension rk A. Let V be a completely reducible faithful representation of G and let ϕ : A(V ) A(V ) be a minimal faithful multihomogeneous covariant of G. We may assume that ϕ j = 0 for all j. The group G/Z(G, k) then acts faithfully on the image of
Remark 1. The second part of Corollary 15 can be used to classify semi-faithful groups with edim k G − rk Z(G, k) ≤ 1. For example if edim k G ≤ 2 and Z(G, k) is nontrivial one should obtain with the arguments of [KS07, section 10] that G ֒→ GL 2 (k). We haven't checked that in detail, but one observes that the additional possibilities for subgroups of PGL 2 (k) arising in positive characteristic are not semifaithful.
Behavior under refinement of the decomposition. Let
A(W ) be a multihomogeneous rational map. We consider refinements both in V and in W = 
,n (Z) be the degree matrices of ϕ and H λ (ϕ), respectively. Since H λ (ϕ) is still multihomogeneous with respect to the old decomposition of V we have A(W j ), as long as they are non-zero. If ϕ j is non-zero then also one of the ϕ jl for l = 1 . . . e j . Recall that by convention the matrix entries for zero-components are zero, so that they do not influence the column span of the matrix. Thus the column span of M ϕ equals the column span of M ϕ ′ and hence rk M ϕ = rk M ϕ ′ . (C) follows from (A) and (B).
Completely reducible faithful representations
4.1. Minimal number of irreducible components. In this section we will compute the minimal number of irreducible components of a faithful representation of any semi-faithful group. As a consequence we obtain a characterization of groups, which have a faithful representation with any fixed number of irreducible components. Groups admitting an irreducible faithful representation over an algebraically closed field of characteristic 0 have been characterized in [Ga54] . A criterion for a group to admit a faithful representation with any fixed number of irreducible components was given by Shoda [Sh30] (in the ordinary case) and Nakayama [Na47] (in the modular case). Their criterion is formulated in a way quite different from Gaschuetz's and our characterization.
Definition 7. A foot of G is a minimal nontrivial normal subgroup of G. The subgroup of G generated by the (abelian) feet of G is called the (abelian) socle of G, denoted by soc(G) (resp. soc ab (G)).
By construction soc(G) and soc ab (G) are normal. The following Lemma is well known and a generalization to countable groups can be found in [BH08] . We start with a lemma explaining how to pass from arbitrary to completely reducible representations.
Lemma 19. Let V be a faithful representation of G and
Proof. It is well known that an element of finite order in a unipotent group in characteristic p has p-power order. Therefore the kernel of the representation gr F V is a normal subgroup of G of p-power order, which by assumption must be trivial. The last statement follows from taking for F a decomposition series.
For the proof of Proposition 18 we work with two lattices: Set A := soc ab (G) and let A * := Hom(A,k * ) denote its group of characters overk, which is again a ZG-module by endowingk * with the trivial G-action. Denote by L(A) and L(A * ) the lattices of ZG-invariant subspaces of A and A * , respectively, where the meetoperation is given by B ∩ C and the join-operation by B · C.
Lemma 20. Assume that either char k = 0 or char k = p > 0 and p ∤ |A|.
(A) The map
Proof.
(A) The proof is straightforward. (B) The ZG-module A is semi-simple by construction and thus decomposes into isotypic components. Every submodule of A is isomorphic to the direct sum of its intersections with the isotypic components and it suffices to show the claim for every isotypic component of A. Thus assume A = (F q ) m ⊗ V for some prime q = char k, some natural number m and some irreducible F q Gmodule V , where (F q ) m is equipped with the trivial action of G. Hence we may identify
Then β is an isomorphism of lattices and preserves size, since the assumption p ∤ |A| implies |V * | = |V |. (C) Let E r ⊆ A for r ∈ N denote the (possibly empty) set of generating r-tuples of the ZG-module A and let max(L(A)) be the set of maximal non-trivial elements of L(A). The two sets are related by:
Similarly for E * r ⊆ A * and max(L(A * )) defined correspondingly with A * in place of A we have
We claim for any r that |E r | = |E * r |. This implies in particular that A is generated by r elements if and only if A * is, hence rk ZG (A) = rk ZG (A * ). The claim follows from part (B) and the exclusion principle, which says that for subsets Y 1 , . . . , Y t of a set Y we have
For the case that k is not algebraically closed, we need to deal with irreducible representations which are not absolutely irreducible: 
Proof.
(A) It suffices to show that the group algebra kA decomposes as
where we set V χ = k a∈A a for χ = 1, which has dimension one. Let n := dim Fq A. There are precisely q n −1 q−1 nontrivial subgroups of the form χ and the corresponding subspaces V χ all have dimension q−1. Since (q− 1) · q n −1 q−1 + 1 · 1 = q n = |A| = dim k kA it remains to show that the subspaces V χ form a direct sum, for which we may pass to an algebraic closure. Consider the elements ε χ := a∈A χ(a −1 )a ∈kA for χ ∈ Hom(A,k * ), which arek-linearly independent. Then V χ ⊗k hask-basis ε χ , . . . , ε χ q−1 for χ = 1 and V 1 has basis ε 0 . That shows the claim. (B) Writing kA = kA q1 ⊗· · ·⊗kA qm the first claim follows from the fact that the group algebras kA qi are of coprime dimensions. The second claim follows now from the description in (A), noting that the representation V χ has character
The following lemma contains the crucial observation for our study of faithful representations. for some α ij ∈ N. Therefore B acts trivially on W i . Now since V i is irreducible, V i = g∈G gW i as vector spaces. For b ∈ B and w ∈ W i we have bgw = g(g −1 bg)w = gw, since B is normal. Thus B acts trivially on V . Hence V is not faithful.
Conversely assume that V is not faithful and no noabelian foot of G is in the kernel of V . Hence some abelian foot B is in the kernel of V . This implies that B lies in the kernel of each χ i , whence in the kernel of each element of L. This implies that L = A * .
Now we are ready for the proof of the proposition.
Proof of Proposition 18. : Recall that a group admitting a nontrivial normal subgroup of p-power order is not semi-faithful in characteristic p. From now on assume that p ∤ |A| where A := soc ab (G).
"≥" Let V be a faithful representation of G over k. We want to show that the number of factors of a decomposition series of V is at least the maximum of rk ZG (A) and 1. Clearly it is at least 1. By Lemma 19 we may assume that V is completely reducible. Lemma 22 implies that the number of irreducible components of V is at least rk ZG (A * ), which equals rk ZG (A) by Lemma 20(C).
"≤" We must construct a faithful representation V over k with at most rk ZG (A) irreducible components if A is non-trivial, and a faithful irreducible representation V over k if A is trivial. We first reduce to the case of k being algebraically closed: Assume that Let N 1 , . . . , N t be the non-abelian feet of G. By Lemma 17 the socle of G decomposes as soc G = A× N 1 × . . .× N t . For each i, since N i has composite order it has a nontrivial irreducible representation W i . The (exterior) tensor product W := W 1 ⊗ · · · ⊗ W t is then irreducible (since k =k) and does not contain any of N 1 , · · · , N t in its kernel. If A is trivial this gives an irreducible representation of soc G with the property that no foot of G is contained in its kernel. Any irreducible representation whose restriction to soc G contains W is then faithful.
From now on assume A to be non-trivial. There exist r := rk ZG (A * ) = rk ZG (A) characters χ 1 , . . . , χ r of A which generate the ZG-module A * . For every i choose an irreducible representation V i of G whose restriction to soc G contains the irreducible representation k χi ⊗ W . Set V := r i=1 V i . By Lemma 22 the representation V is faithful. Moreover it has the required number of irreducible components. This finishes the proof.
Remark 2. The situation for non-semi-faithful groups is completely different, in so far that the abelian socle tells nothing about the number of decomposition factors needed for a faithful representation. Take for example the groups Z/p n Z, n ≥ 1, whose abelian socle are all isomorphic although for large n these groups need more than any fixed number of decomposition factors for a faithful representation. Proof. This is a consequence of the following Lemma 24 together with Proposition 18. Observe that char k ∤ | soc ab (G)| implies that char k ∤ | soc ab (H)|, hence both groups are semi-faithful.
Proof. Let h 1 , . . . , h r generate soc ab (H) as a ZH-module, where r = rk ZH (soc ab (H)). Let N be an H-invariant complement of soc
. . , g r generate soc ab (H) ∩ soc ab (G) as a ZH-module. We show that g 1 , . . . , g r generate soc ab (G) as a ZG-module, which gives the claim. Let A be any abelian foot of
, which is generated by g 1 , . . . , g r as a ZH-module. Since A is minimal, the ZG-module generated by B equals A. Hence A is contained in the ZG-module generated by g 1 , . . . , g r . Since this holds for every abelian foot A of G the claim follows.
There is a simple lower bound on the number of irreducible components needed for a faithful representation, namely the rank of the center of G. Since representations for which the bound is reached are of some special interest later, we give it a name: Definition 8. A faithful representation V of a semi-faithful group G is called saturated if it is the direct sum of rk Z(G) many irreducible representations of G.
The group G is called saturated if it has a (faithful) saturated representation. Equivalently (by Proposition 18):
It is sometimes advantageous to pass to saturated groups by taking the product with cyclic groups of high enough rank: 
We proceed by induction on n − r. If n − r = 0 there is nothing to show. Otherwise r < n and there exists i ∈ {1, . . . , n} such that no element of G acts by multiplication of a primitive ℓ-th root of unity on V i and trivially at the same time on every V j for j = i. Thus letting C ℓ act by multiplication of ζ p on V i and trivially on V j for j = i yields a faithful representation ofG := G × C ℓ on V . Now apply the induction hypothesis toG.
Minimal dimension of faithful representations.
We define the representation dimension of G over k as follows:
This new numerical invariant gives an upper bound for edim k G. In certain cases the two invariants of G coincide, e.g. for p-groups when k contains a primitive p-th root of unity, see [KM08, Theorem 4.1].
Definition 10. Let A be an abelian subgroup of G and χ ∈ A * := Hom(A,k * ).
wherek χ is the one-dimensional representation of A overk on which A acts via χ.
To every group G and field k we associate the following function:
where A = soc ab (G). From Lemma 22 we get the following Corollary 26. If the socle C = soc G of G is abelian and char k ∤ |C|, then
taken over all r ∈ N and all systems of generators (χ 1 , . . . , χ r ) of C * viewed as a ZG-module.
It may happen that every faithful representation of minimal dimension has more decomposition factors than needed in minimum to create a faithful representation. However in the following situation that doesn't occur and we can describe faithful representations of minimal dimensions more precisely. Recall the definition of a minimal basis introduced in [KM08]:
Definition 11. Let C be a vector space over some field F of dimension r ∈ N 0 and let f : C → N 0 be any function. An F -basis (c 1 , . . . , c r ) of C is called minimal relative to f if
. . , r where for i = 1 we use the convention that the span of the empty set is the trivial vector space {0}.
Proposition 27. Let G be a group whose socle C := soc G is a central p-subgroup for some prime p and assume char k = p. Let V be any representation of G and let V 1 , V 2 , . . . , V r be its irreducible composition factors ordered increasingly by dimension. Choose characters χ 1 , . . . , χ r ∈ C * = Hom(C,k * ) such that V i ∈ rep (χi) (G). Then V is faithful of dimension rdim k G if and only if r = rk C and (χ 1 , . . . , χ r ) forms a minimal basis of (
Proof. Since p ∤ |C| we may replace V by its associated graded representation V 1 ⊕ . . . ⊕ V r without changing faithfulness, decomposition factors and dimension. Thus we will assume that V is completely reducible.
First assume that V is faithful and rdim k G = dim V . Then the characters χ 1 , . . . , χ r clearly generate C * and in particular r ≥ rk C. Let j ∈ {0, . . . , r} be maximal such that (χ 1 , . . . , χ r ) is part of a minimal basis of C * . We want to show that j = r. Assume to the contrary that j < r. Hence there exists χ ∈ C * \ χ 1 , . . . χ j and W ∈ rep (χ) (G) such that dim W < dim V i for all i > j. By elementary linear algebra there exists i > j such that χ 1 , . . . , χ i−1 , χ, χ i+1 , . . . , χ r generate C * as well. Let
is faithful, because V ′ is faithful restricted to C and every normal subgroup of G intersects C = soc(G). This contradicts to dim V = rdim k G.
Now assume that (χ 1 , . . . , χ r ) and (χ
, which contradicts to the definition of minimal basis. This implies uniqueness of the dimension vector and the converse to the above implication.
Remark 4. Under the assumptions of Proposition 27 let (χ 1 , . . . , χ r ) be a minimal basis of C * and 1 ≤ i 1 < i 2 < · · · < i m < r be the positions of jumps in the vector (f G,k (χ 1 ), . . . , f G,k (χ r )), i.e. the indices i where
The argument in the proof of Proposition 27 shows that the subgroups χ 1 , . . . , χ ij for j = 1 . . . m do not depend on the choice of the minimal basis (χ 1 , . . . , χ r ). This yields a canonical filtration C * = A m+1 A m . . . A 1 A 0 = {e} of C * where rk A j = i j for j = 1, . . . , m. It would be interesting to know whether every basis (χ 1 , . . . , χ r ) of C * respecting this grading of C * is a minimal basis, or equivalently if for all j = 0, . . . , m and χ, χ
Corollary 28. Let p be a prime and G 1 , . . . , G n be groups. Assume that char k = p and soc G i is a central p-subgroup of G i for i = 1, . . . , n. Then
The (statement and the) proof is very similar to [KM08, Theorem 5.1], which becomes a statement about minimal faithful representations of p-groups via [KM08, Theorem 4.1]. Since our situation is more general and we do not require k to contain a primitive p-th root of unity, we append the proof.
Proof. Using induction it suffices to show the case n = 2. Set G := G 1 × G 2 . Taking into account the description of minimal faithful representations of Proposition 27 it remains to create a minimal basis (χ 1 , . . . , χ r ) of (soc G)
for f G,k subject to the condition that each χ i is contained in one of (soc G i ) * . Here r = rk Z(G) = rk Z(G 1 ) + rk Z(G 2 ). Assume that (χ 1 , . . . , χ j ) is part of a minimal basis such that each χ i for i ≤ j is contained in one of (soc
Let ε 1 and ε 2 denote the endomorphism of G sending (g 1 , g 2 ) to (g 1 , e) and to (e, g 2 ), respectively. The representation ρ W • ε i containsk χ ( i) and has the same dimension as W . Now replace χ by χ (i) with i such that χ (i) lies outside the subgroup of (soc G) * generated by χ 1 , . . . , χ j . This shows the claim. 
Moreover, if soc G is a central p-subgroup the above inequality is an equality.
Recall that G is semi-faithful (over k) if and only if either char k = 0 or char k = p > 0 and G has no nontrivial normal p-subgroups. We need some auxiliary results:
Lemma 30. In the situation of the proposition G/H is semi-faithful as well. Moreover there exist characters χ 1 , . . . , χ r of G such that r i=1 ker χ i ∩ H = {e}, where r = rk H. In particular G has a faithful completely reducible representation of the form V = V ′ ⊕k r where V ′ is a completely reducible representation of G with kernel H and G acts on k r via g(x 1 , . . . , x r ) = (χ 1 (g)x 1 , . . . , χ r (g)x r ).
Lemma 31. In the situation of the proposition, the quotient homomorphism π :
Proof of Lemma 30. We first show that G/H is semi-faithful over k. The case that char k = 0 is trivial, hence assume that k has prime characteristic p. We now make use of the fact that a group is semi-faithful over k if and only if it does not contain any non-trivial normal abelian p-subgroups. Assume that G/H has a normal abelian p-subgroup P = {e}. Then the inverse image B ′ of P under the natural projection is abelian again, since [B
Its p-Sylow subgroup is then a nontrivial normal abelian p-subgroup of G. This contradicts to the assumption that G is semi-faithful over k.
Now let H ′ be a direct factor of the image of H in G/[G, G] with ζ exp H ′ ∈ k and let Z denote its complement. Since k contains a primitive root of order exp H ′ there exist charactersχ 1 , . . . ,χ r of H ′ such that r i=1 kerχ i intersects trivially with the image of H in H ′ . Now define χ i by χ i (g) = χ i (π 2 π 1 (g)) where
Remark 5. Actually one can show that the conditions of Proposition 29 are equivalent to the existence of a faithful representation of G of the form given in Lemma 30. The most economical choice for H ′ is the (unique up to isomorphism) maximal subgroup of G/[G, G] subject to the condition soc H ′ = soc H, or in other words, such that for every prime p the p-Sylow-subgroup of H ′ contains the p-Sylow-subgroup of H and has the same rank.
Proof of Lemma 31. Restricting π to Z(G) and Z(G, k) we get homomorphism Z(G) → Z(G/H) and Z(G, k) → Z(G/H, k). It remains to show that the two maps are surjective. The map Z(G) → Z(G/H) is easily seen to be surjective, because if some g ∈ G commutes with any other g ′ ∈ G up to elements of H, then it is central,
, which is injective. If π(g) ∈ Z(G/H, k) then k contains a primitive root of unity of order ord(π(g)) as well as a primitive root of unity of order exp H ′ . Thus k contains a primitive root of unity of order ord g, whence g ∈ Z(G, k).
Proof of Proposition
and its exponent is no larger than the exponent of H ′ . Induction yields for the subgroups H 0 ⊆ G and H/H 0 ⊆ G/H 0 :
with equality if soc G (and therewith soc(G/H)) is a central p-subgroup. Combining the two lines shows the claim. We assume now that H is cyclic. Let V be a faithful representation of G/H with dim V = rdim k G/H. By Lemma 19 we may assume that V is completely reducible, V = n i=1 V i for some n ∈ N and irreducible representations V i . We must construct a faithful representation of G of dimension dim V + rk Z(G, k) − rk Z(G/H, k). By (the proof of) Lemma 30 there exists a faithful representation of G of the form V ⊕ k χ where χ is a character whose restriction to H is faithful.
If rk Z(G, k) = rk Z(G/H, k) + 1 this does the job. Otherwise rk Z(G, k) = rk Z(G/H, k) and we will consider representations V m1,...,mn :=
Clearly V m1,...,mn has the right dimension. We will choose m 1 , . . . , m n such that V m1,...,mn becomes faithful. In general let g act trivially on V m1,...,mn . This implies that for each i the element g acts like χ −mi on V i . In particular the image of g in G/H is an element of Z(G/H, k). Since Z(G/H, k) ≃ Z(G, k)/H under the canonical projection this implies that g ∈ Z(G, k). Hence V m1,...,mn is a faithful representation of G if and only if it is faithful restricted to Z(G, k).
The elements of Z(G, k) act through multiplication with characters χ 1 , . . . , χ n of Z(G, k) on V 1 , . . . , V n . Letχ denote the restriction of χ to Z(G, k). Then the elements of Z(G, k) act through the characters χ 1χ m1 , . . . , χ nχ mn on the irreducible components of V m1,...,mn . Using (the second part) of the following Lemma 32 we find m 1 , . . . , m n such that χ 1χ m1 , . . . , χ nχ mn generate the whole group Hom(Z (G, k) , G m ) of characters. Then V m1,...,mn is faithful restricted to Z(G, k), hence, as previously observed, faithful for G. Now assume that C := soc G is a central p-group. It then consist precisely of the central elements of exponent p of G. We want to show rdim H, k) ). By assumption k contains a primitive root of unity of order |H| and we may assume H = {e}, hence ζ p ∈ k. Let V = r i=1 V i be a faithful representation of G with rdim k G = dim V and each V i irreducible. There exist characters χ 1 , . . . , χ r ∈ C * := Hom(C, k * ) such that cv i = χ i (c)v i for c ∈ C and v i ∈ V i . Faithfulness of V is equivalent to the statement that χ 1 , . . . , χ r generate C * . In particular r = rk Z(G) = rk C, since V is minimal. Now as in the first part of the proof let χ ∈ Hom(G, k * ) be a character which is faithful restricted to H. By elementary linear algebra there exists i ∈ {1, . . . , r} such that χ 1 , . . . , χ i−1 , χ| H , χ i+1 , . . . , χ r is a basis of C * . Replacing V i by k χ we get a faithful representation of G of minimal dimension which is of the form V ′ ⊕ k χ . Moreover by multiplying the irreducible components of V ′ with suitable powers of χ we may assume that H acts trivially on V ′ . Then the representation
is a faithful representation of G/H. This establishes the inequality rdim
In the other case rk Z(G) = rk Z(G/H) + 1. In that case soc(G/H) ≃ C/(H ∩ C), which is faithfully represented on V ′ , turning V ′ into a faithful representation of G/H of dimension rdim k G − 1. This finishes the proof.
Lemma 32.
(A) Let A be an abelian group generated by a 1 , . . . , a n ∈ A. Then if rk A < n there exist e 1 , . . . , e n ∈ Z co-prime such that 
Proof.
(A) This follows from the elementary divisor theorem applied to the kernel of the map Z n ։ A sending the i-th basis vector of Z n to a i ∈ A. (B) First assume that the order of h is of the form p l where p is a prime and l ∈ N. Since rk A ≤ n part (A) shows that there exist e 1 , . . . , e n , e 0 ∈ Z co-prime such that n i=1 e i c i = e 0 h. Now if e 0 is not divisible by p we get that h ∈ c 1 , . . . , c n and we can set m 1 = . . . = m n = 0. Otherwise there exists i ∈ {1, . . . , n} such that e i is not divisible by p. Then choose m i such that e i m i ≡ 1 − e 0 (mod p l ) and set m j = 0 for j = i. Then 
Proof. Apply Proposition 29 to the central subgroup {e} × A ⊆ G × A.
Relation of covariant and essential dimension
The following theorem generalizes [KLS08, Theorem 3.1], which covers the case k = C. Remark 6. The theorem does not hold if char k = p and G contains a normal psubgroup. Consider for example an elementary abelian p-group, which has essential dimension 1 by [Le07, Proposition 5], but covariant dimension 2, as the following argument shows: It is enough to consider the case G = Z/pZ. Let V denote the 2-dimensional representation of G where a generator g ∈ G acts as g(s, t) = (s, s + t). Suppose that there exists a regular faithful covariant ϕ : A(V ) → A(V ) with X = im ϕ of dimension 1. Then any element g induces an automorphism of order p on the normalization of X, which is isomorphic to A 1 . Since in characteristic p no automorphism of A 1 of order p has fixed points we get a contradiction.
The proof of Theorem 34 remains basically the same as in [KLS08, section 3]. We will append it for convenience.
Proof of Theorem 34. Let Z := Z(G, k) and let V = n i=1 V i be a faithful representation where each V i is irreducible. The case when Z is trivial follows from Theorem 12, since M ϕ cannot be the zero-matrix for any regular multihomogeneous covariant ϕ : A(V ) → A(V ). Thus assume that Z is non-trivial. Let ϕ : A(V )
A(V ) be a minimal multihomogeneous covariant.
First assume that there exists a row vector β ∈ Z n such that all entries of α := βM ϕ are strictly positive. We may assume that ϕ is of the form ϕ = ψ f where
G is multihomogeneous and ψ :
It is of the form γϕ where γ ∈ Hom(X(T V ), M G (V )) is of type I relative to ϕ. Since α j > 0 for all j the covariantφ is regular. Lemma 11 implies
We reduce to the case above by post-composing with a covariant as in Example 1. Let g ∈ Z \ {e} and write M ϕ = (m ij ). Since V is faithful the element g acts non-trivially on some V j . For such j one of the m ij 's must be non-zero. Fix i 0 and j 0 with m i0j0 = 0. Then ϕ j0 = 0 and we can find a homogeneous h ∈ k[W j0 ] G of degree deg h > 0 such that h • ϕ j0 = 0. For any r ∈ Z consider the covariant
Since h • ϕ j0 = 0 and ϕ is faithful, ϕ ′ is faithful, too. Clearly dim ϕ
For suitable r ∈ Z this yields a matrix M ϕ ′ where all m ′ i0j for j = 1 . . . n are strictly positive. Now for β = e i0 the entries of α = βM ϕ are all strictly positive and we are in the case above.
The central extension theorem
As announced in the introduction we shall prove a generalization of the central extension theorem. Proof of Theorem 35. As in the proof of Proposition 29 we may assume that H is cyclic and there is a faithful representation of G of the form V ⊕ k χ where χ is faithful on H and V = n i=1 V i is a completely reducible representation with kernel H. We prove the two inequalities of the equation
Clearly Φ is multihomogeneous again of rank rk
Moreover by Theorem 12,
be a minimal faithful multihomogeneous covariant of G. Let m := |H| and consider the G-equivariant regular map π :
Since π is finite the rational maps ϕ, ϕ ′ andφ all have the same dimension edim k G. Moreover ϕ ′ andφ are multihomogeneous as well. The degree matrix M ϕ ′ is obtained from M ϕ by multiplying its last column by m and from Mφ by multiplying its last row by m. Hence rk M ϕ = rk M ϕ ′ = rk Mφ. Application of Theorem 12 yields: 
Proof. Apply Theorem 35 to the central subgroup {e} × A ⊆ G × A.
Example 2. Consider a group G 0 which is generated by a normal subgroup H and an element g ∈ G 0 \ H. Let m := ord(g) and n := ord(gH) be the orders of g in G and in the quotient G/H. We form the semi-direct product G := C m ⋉ H by letting a generator c of C m act on H via conjugation by g. Consider the surjective homomorphism
Its kernel is generated by x := c n g −n , hence cyclic of order r := m/n. The elements c and g n commute in G and x lies in the center of G,
Now let π be the set of prime divisors of the order of the abelian socle of G = C m ⋉ H and assume char k / ∈ π. Then
Another application of the central extension theorem is the following:
Corollary 37. Let G be a semi-faithful group with faithful completely reducible representation V . Let ϕ : A(V ) A(V ) be a minimal faithful multihomogeneous covariant. Assume that k contains a primitive root of unity of order p for some prime p. Then the rational map
Proof. The inequality dim π V •ϕ ≤ dim ϕ−rk Z(G, k) was already shown previously. We use saturation to prove the reversed inequality. We may assume that the rank of Z(G, k) equals the rank of its p-Sylow subgroup. By Proposition 25 V admits a faithful representation ofG := G × C n−r p where n = dim T V and r = rk Z(G, k) = rk M ϕ .
Corollary 9 implies the existence of γ ∈ Hom(X(T V ), M G (V )) such that γϕ is D-equivariant for D = Id TV . This turnsφ := γϕ into a faithful (multihomogeneous) covariant forG. Corollary 36 shows that dimφ ≥ edim kG = edim k G + (n − r). 
Proof. Let V = m i=1 V i be a faithful representation of G with each V i irreducible and completely reducible as a representation of H and let ϕ : A(V ) A(V ) be a minimal faithful covariant which is multihomogeneous. By Theorem 12 rk M ϕ = rk Z(G, k). Now consider ϕ as covariant for H. By Proposition 16 the rank doesn't go down replacing ϕ by a multihomogenization H λ (ϕ) with respect to a refinement into irreducible representations for H. Hence again by Theorem 12
Remark 8. There exist pairs (H, G) of a group G with subgroup H such that both H and G are semi-faithful over k, but none of the completely reducible faithful representations of G restricts to a completely reducible representation of H. We found some examples using the computer algebra system [MAGMA] , the smallest (in terms of the order of G) is a pair of the form H = S 3 , G = C 2 ⋉ (C 3 ⋉ (C 3 × C 3 )) in characteristic 2. Also there are examples in order 72 with
Proposition 39. Let G 1 and G 2 be semi-faithful groups. Then A(W ) be minimal faithful multihomogeneous covariants for G 1 and
is again faithful and multihomogeneous with rk
Thus, by Theorem 12,
Since dim ϕ 1 = edim k G 1 and dim ϕ 2 = edim k G 2 this implies the claim.
Remark 9. We do not know of an example where the inequality in Proposition 39 is strict.
Twisting by torsors
Let V = m i=1 V i be a faithful representation of G where each V i is irreducible and let ϕ : A(V ) A(V ) be a multihomogeneous covariant of G with ϕ j = 0 for all j. We denote by P(V ) := P(V 1 ) × . . . × P(V m ) the product of the projective spaces. It is the quotient of a dense open subset of A(V ) by the action of T V . We write π V : A(V ) P(V ) for the corresponding rational quotient map. Since ϕ is multihomogeneous there exists a unique rational map ψ : P(V ) P(V ) making the diagram
commute. Let Z := Z(G, k), which acts trivially on P(V ) and let C ⊆ Z be any subgroup. We view ψ as an H := G/C-equivariant rational map. We will twist the map ψ (after scalar extension) by some H-torsor to get a rational map between products of Severy-Brauer varieties. We summarize the construction and basic properties of the twist construction, cf. [Fl08, section 2]: Let K be a field and H be a finite group. A (right-) H-torsor (over K) is a non-empty not necessarily irreducible K-variety E equipped with a right action of H such that H acts freely and transitively on E(K sep ). The isomorphism classes of H-torsors (over K) correspond bijectively to the elements of the Galois cohomology set H 1 (K, H), where an isomorphism class of an H-torsor E corresponds to the class of the cocycle α = (α γ ) γ∈ΓK defined by γx = xα γ , where x is any fixed element of E and Γ K = End K (K sep ) is the absolute Galois-group of K. Every H-torsor is of the form Spec L where L/K is a Galois H-algebra.
Let X be a quasi-projective H-variety over K. Let H act on the product E × X by h(e, x) = (eh −1 , hx). Then the quotient (E × X)/H exists in the category of K-varieties and will be denoted by E X. It is called the twist of the H-variety X by the torsor E.
If X and Y are quasi-projective H-varieties and ψ : X Y is a rational map, there exists a canonical rational map E ψ : E X E Y . Moreover if Z is another quasi-projective variety and ψ 1 : X Y and ψ 2 : Y Z are composable, then E ψ 1 :
E X E Y and E ψ 2 : E Y E Z are composable as well with composition E (ψ 2 • ψ 1 ).
Let A be a central simple K-algebra on which H acts on the left by algebrahomomorphisms. Let E be a H-torsor corresponding to a Galois H-algebra L/K. The twist of A by the torsor E, denoted by E A is defined to be the subalgebra of H-invariants of A ⊗ K L where H acts via h(a ⊗ l) = ha ⊗ hl.
If E ≃ H is the trivial H-torsor then the twist E X (resp. E A) is isomorphic to X (resp. A). The varieties X and E X (resp. the algebras A and E A) become isomorphic over a splitting field K ′ /K of E (i.e. over a field where E has a K ′ -rational point). Let U be a K-vector space of dimension n. The algebra End K (U ) carries an action from PGL(U ) via conjugation. Isomorphism classes of central simple K-algebras of degree n correspond bijectively to the elements of H 1 (K, PGL(U )), via the following assignment: For T ∈ H 1 (K, PGL(U )), represented by a cocycle α = (α γ ) γ∈ΓK , the corresponding central simple algebra is defined to be the sub-algebra of invariants of End(U )⊗ K K sep under the action of Γ K twisted through α, defined by γ · α (ϕ⊗λ) = (α γ ϕ) ⊗ (γλ) for ϕ ∈ End(U ) and λ ∈ K sep .
The three different notions of twisting are related as follows:
Lemma 40. Let U be a K-vector space of dimension n. The group PGL(U ) acts on P(U ) from the right in the obvious way and on End(U ) via conjugation from the left. Let β : H → PGL(U ) be a homomorphism and let E be a H-torsor over K. Let H act on P(U ) and on End(U ) via the homomorphism β. Then E P(U ) ≃ SB(A) where A := E End(U ). Moreover A is isomorphic to the central simple algebra corresponding to the image of E under the map H 1 (K, H) β * → H 1 (K, PGL(U )).
Proof. The first part is [Fl08, Lemma 3.1]. For the second part, let E = Spec(L) for some Galois H-algebra L and fix ι ∈ Hom(L, K sep ) = E(K sep ). Then the image of E in H 1 (K, PGL(U )) is represented by the cocycle α = (β(h γ )) γ∈ΓK where h γ ∈ H is such that γ ι = ιh γ . In other words γ(ι(ℓ)) = (ιh γ )(ℓ) = ι(h γ ℓ) for all ℓ ∈ L. Recall that A = E End(U ) is the sub-algebra of H-invariants of End(U ) ⊗ L and the twist B of End(U ) by the cocycle α is the sub-algebra of Γ K invariants of End(U ) ⊗ K sep which D lies in the kernel of the homomorphism Br(K) → Br(L)). It is denoted by cd(X) (resp. cd(D)).
Since every element of C * is the restriction of some character χ ∈ Z * this shows that im(β E ) = im(β E ′ ), hence their canonical dimensions coincide.
In general we don't know whether the choice of the subgroup of elements of exponent p in Z(G, k) gives the same lower bound.
We quote two key results from [KM08] : Ind β E (χ) = gcd{dim V | V ∈ rep (χ) (G)}.
The following corollary works for a slightly larger class of groups than p-groups. It becomes [KM08, Theorem 4.1] under the observation that all irreducible representations of p-groups have p-primary dimension when ζ p ∈ k.
Corollary 46 (cf. [KM08, Theorem 4.1]). Let G be an arbitrary group whose socle C is a central p-subgroup for some prime p and let k be a field containing a primitive p-th root of unity. Assume that for all χ ∈ C * the equality
Proof. The inequality edim k G ≤ rdim k G is clear. By the assumption on k we have rk C = rk Z(G, k) = rk Z(G). Hence, by Lemma 43, it suffices to show cd(im β E ) = rdim k G − rk C for a generic H := G/C-torsor E over a field extension K of k.
By Theorem 44 there exists a basis a 1 , . . . , a s of im β E such that cd(im β E ) = s i=1 (Ind a i − 1). Choose a basis χ 1 , . . . , χ r of C * such that a i = β E (χ i ) for i = 1, . . . , s and β E (χ i ) = 1 for i > s and choose V i ∈ rep (χi) (G) of minimal dimension. By assumption dim V i = gcd dim V | V ∈ rep (χi) (G) , which is equal to the index of β E (χ i ) for the H-torsor of Theorem 45. Set V = V 1 ⊕· · ·⊕V r . This is a faithful representation since every normal subgroup of G intersects C = soc G non-trivially. Then cd(im
The following was conjectured in case of cyclic subgroups of the Brauer group and proved (over fields of characteristic 0) for cyclic groups of order 6 in [CKM07] . 
